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1. On the differential equations of shallow shells in the case of
normal loading. The differential equations of the technical theory of
shallow shells can, in the case of loading Z normal to the surface of the
shell, be written in the following form as suggested by Vlasov f11,02]
KR

AN+ Ebfw =0, DANw — 9 =E, b= TA=Y (1.3

The unknowns here are the normal deflection » and the stress function
¢, while the loading components XY and Y are taken to be zero; the shell
thickness h is considered to be constant, £ is the modulus of elasticity

of the material and v is Poisson’s ratio. The operators A and Ak are de-
fined by

o & a k o 2k —jﬁ—~ 1.2
L= Bz“ + C’)Jz ’ Dy ‘"k z + v 6:0“ e xy dz Oy (.2)
Here &% % represent the bending curvature and k zy is the.torsional
curvature of {he shell surface,

Denoting by F the function determining the surface of the shallow
shell, we have approximately

O »F i
e e o ke 1 E
by =52 » ky = oy’ Y gxdy (1.3)
ok, ok, ok, Ok,
oy T e =0 e " oy 70 14
Ph, TR, Bk
dy* dxt T 7 dx oy

The normal stress resultants Nx and ¥_ and the tangential stress re-
sultant 8, the bending stress moment resultants Mx and M_ and the torsional
stress moment resultant sz are defined by

872
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% (aﬂw *w
Nemgge M= D(5F +v )
0% Pw P\
Nu=w, I’UU=—-D('ay—g+vF) (1.5)
0% 1 9%
S=_61:6y’ My=—D(1—v) dx dy

The surface of the shell, the system of coordinates and the positive
directions of the stress resultants are shown in Fig. 1, The plane Oxy
is the coordinate plane of the shallow shell. The moving system of co-
ordinates 0°x"y”:” is connected with an arbitrary point of the shell in
such a manner that the axes z”y” are situated in the tangential plane,
while z” is directed along the normal to the shell surface. The axes x’
and y° are located respectively in the planes y = const and x = const,
The positive directions of the displacements u, v, » and of the compo-
nents X, Y, Z of the distributed surface loading respectively coincide
with the directions of the coordinate axes z°, y’, :z’.

Introducing the scalar function F by means of the formulas
w=NAAW, o =— ERN\,W (1.6)
Vliasov [ 1 ] transforms the system (1.1) into

DAADAW + ERD AW =2 (1.7)

It is convenient to use this equation in cases when the curvatures kz
and ky are constant, while the curvature kxy is zero,

Attention must be paid to the fact that the formulas (1.6) and (1.7)
become incorrect in the case of a spherical shell. Indeed, if k‘ = k
1/R = const and kzy = 0, equations (1.6) assume the form

Y

1 4 1 8

Eh 1
w=AAW, y=—"FJ AW, Me=Foi+Eom=FL (18

Eliminating W from these equations, we get

R

On the other hand, the first equation of the original system (1.1)
gives the formula

R
Aw =— 357 AN® (1.10

It is obvious that the formulas (1.9) and (1.10) are not identical,
as they should be. Consider the following example: if A¢ =0, then we
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have v = 0 according to (1.9) and Aw =0 according to (1.10). Thus, in
the special case of the spherical shell the equations

Eh
DANANANE Tz AAW =12 (1.11)

Eh
DAAw + Y= Z (1.12)

obtained from (1.7) and (1.8) are not correct, and thus can lead to
erroneous results,

In the case of a spherical shell we have to use the original system of
differential equations (1.1), or a new function W* defined by the
formulas

R 7% :_E’i *
Aw = AW*, AP R w (1.13)

Eliminating W* from the two formulas given above we obtain (1.10), as it
should be.

Substituting the formulas (1.13) into the second equation of the system
(1.1) we find

-

R
DAAW® + % wW*=2 (1.14)
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The equations (1.13), unlike (1.8) and (1.12), are correct, and there
is no danger of their leading to faulty results,

2. On the differential eguations of shallow shells in the case of
arbitrary loading. In the case of arbitrary loading, a system of three
differential equations, also suggested by Vlasov [21 can be used; the
unknowns occurring in these equations are the components u, v, w» of the
complete displacement. The system just indicated is, however, relatively
involved and inconvenient for practical application in most cases. It is,
therefore, desirable to derive a generalization of the system (1.1)
applicable to any loading.

For the special case of circularly cylindrical shells such a general-
ization is given in the book by Ruediger and Urban [4].

It so happens that the desired generalization can also be easily ob-
tained for the general case of a shallow shell with arbitrary curvatures,
It is only necessary to replace the first two of the relationships (1.5)
by the following:

~ ¢ % .
x——‘—gy—g—BAdx, NU—W—-&Ydy (2.1)

Now we can proceed as indicated by Vlasov 2] and confine ourselves

solely to linear terms. In this manner we find

2y %Y 0 Y
AL+ Ehfyw =S‘€F“+S‘ax—2dﬂ—“(‘a? +“5;)

DAANY — A9 =7 — kxg YXdr — ku\Ydy

Y

Instead of the system (2.2) we may use the differential equation with
complex coefficients obtained by substitution of

, VIZ(T =¥ ,
uw=w-+iap (atzT,z::]/——i)} (2.3)
This leads to
Vizd - . | - Y
AN i,_(T_") A= 7 {z ok, S.ldxm AAWU +
h AN ' 0°Y {94\’ oY ]‘ o
TV [\ o dr”"x‘d_.v"-‘— W +W"']! 2-4)

After having carried out the integration and determined u*, we find
the deflection w and the stress function ¢ by separating the real and
imaginary parts of u*.

If the stress resultants are known, the displacement components of
the shell are determined by the following system of differential equations:
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Ou 1

6: — kxw == L_h (va — V]Vv)

ov : 1

By~ = V) (2.5)
u o ) 2(1+v)
ay + 5 2k =g

3. The case of uniformly distributed tangential loading. If the plane
view of the shell is rectangular and if the torsional curvature is zero,
then the solution of the problem is very simple. We assume the usual
boundary conditions, namely: the shell is loosely supported, while the
stringers are rigid in their own plane and flexible outside it.

Without loss of generality we assume that the tangential loading is
acting parallel to one coordinate axis. In this case we may write

»

X=X,=coust, Y=2Z=0 k_ =0, SXde=Xox
w, v, M, N, =0Owhenz=0and z = q; w, u, Mu’ I\’U—-.-Owheny:-—Oandy:b

The system (2.2) assumes the form

DAP + LR w =0, DAAW — Ao = — b Xy (3.1)

It is easy to verify that this system and the boundary conditions for

v, M:, My, Nz and Ny are satisfied if

w ==, @ = -% Xoxy® + Cxy (3.2)

The constant C is to be determined from the boundary conditions for u
and v. All stress resultants, except the tangential stress resultant S
are zero, We find

, e . .
S = — gy = — Xy~ C (3.3)

Substituting the values of w and of the stress resultants into the
system (2.5) we get

du o ) 0 2(1.
fe=0, G0, g2 20EY i) (3.4)

or — Y oy T oz
Prom the first two equations of this system we see that u can be a
function of y only, and v of x only. In this case the third equation of
the system (3.4) becomes

de  do 2(1 4 v)
3_17 —i« {{.L'— = — ‘T (‘Yoy-l_ C) (3.5)
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For the displacements u and v we must assume

14
u=—pr Xt +Cy+C,  v=Cw+Ca 3.6)

where Cl‘ Cé, Cé, Ch are constants of integration, Substituting (3.6)
into (3.5) we find

2(1
cl+cs=_—LE%—‘i)—c (3.7

On the basis of the boundary conditions assumed for u and v we get
1 b
cl=—(—%;—)—xo, Co=C3=Co=0 (3.8)
Taking into account (3.2), (3.3), (3.6), (3.7), (3.8), we obtain
14+ v 1 1
u:——ﬁ—y(b-wy)Xo, q>=—7(b—y)xyXo, S=—2—(b—-2y)Xo 3.9)

All other displacements and stress resultants are zero. Note that the
formulas obtained are independent of the curvatures kz and k_,, which thus
remain arbitrary. This is a case in which the shallow shell behaves like
a deep beam.

The problem becomes more difficult if the torsional curvature kxy is
not zero, In this case it is convenient to assume

w = wg + wy, 9=+ P1 (3.10)

Here we assume for L and ¢0 the results (3.9), i.e,

1
w0=01 Qo = —-'2" (b——y)lyXo (311)

v, and ¢0 satisfy the assumed boundary conditions exactly. Including
(3.10) into the system (3.1), we get

NAeL+ LR w =0, DALw, — [gor =k, (b—2y) X, (3.12)

by virtue of which the further treatment of the problem reduces to an
investigation of the structure under the action of the fictitious normal
loading

.

72" =k (b — 2y) X,

4. Shell of constant curvature under arbitrary tangential loading.
This problem has been studied by Oniashvili [3 ] under the assumption of
vanishing torsional curvature in connection with the usual boundary con-
ditions (loosely supported shell with stringers of the kind stated above).
He derived his formulas immediately from the conditions of equilibrium,
The discussion of the same problem given below is based upon the relations
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(2.1) and (2.2). The solution is obtained with the aid of double trigono-
metric series. To simplify the presentation we will study the influence
of one arbitrary term of the series only, for the loading X.

On this basis we may write

m=x _ nmy (m =01,2,...

A=A, 008 = —sin g n=1,2,3...) (4.1)

We consider the constants Xln to be known quantities, while for » and
¢ we assume

L INTX nmw - MRX . NT
1 sin 27T sin Y e =2D_, sin 7 sin MY (4.2)
a

W =
{1} 4
m a b

The expressions (4.1) and (4.2) satisfy the assumed boundary conditions
precisely.

Substituting (4.1) and (4.2) into the system (2.2), we obtain a system
of linear algebraic equations, from which

asm m? (ky + vko) -+ 2202 [(2 + V) by — k]

A X

mn = T Drd (m®4 A2t + p (kom? - k AZn?)2 mn “.3)
a®  (m?+4-2%2) (A2 — vm?) 4 pk (kam? +- k3202 '
B =~ m (% + 2208 L @ (kam® & *paPn)e mn
where
a 12 (1 — v2) at ,
7\=7;, W= ""rgz k, = k1 = cons, ku=k2=const

Using the formulas (1.5), (2.1), (2.5) for the displacements and the

stress resultants, we get
a? 1

u=mm {82 (m, n)[(1 —vO)m2+42(1 4 v) A2 4

o [(ke? o ka? o 2vkyk) m2 o 2 (1 4 9) y22n2]) X, cos o sin g (4.4)
v = — a::rlz;)}:z A+ v)* 8 (m, T‘:;(tn‘f (:)1 — ko)’ X, 50 %TE cos Eﬁb?i
No—— _‘f.:l 82 (m, n) [m® 4 (2‘9:*'(11)’ 7\:)n2] 4 koBg (m, n) X, sin {"a_"_l'sin _"_’_I’;:?_/ 4.5)
Nv = % i 34«‘}(:7:;7:);{;’:193 o Xonn sin _”L;f sin %{
S = ‘i:\?n $2(m, n) 94‘()(:?;':)2_)16193 (m, r) X, 1p €OS m:z cosﬂzg
IO )
M, —— alm (ijf v) 31 L’Z Z; Xy Sin T sin " (4.6)
M, =— (= v?ﬂ;ﬁm“’ln :3: E:: Z; X, COS m:x cosn—zy
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where

9y (m, n) =(m? 4 A2n2)8 4 p (kem?® 4 kjA202)2
82 (m, n) = (M2 - A2n%2, 84 (m, n) = @ (kam? 4 k1A\*n?)
84 (m, n) = A%n% —vm?, 95 (m, n) = m? (ky 4 vks) + 222 [(2 4~ v) ky — k3]

Summation with respect to = and n permits the influence of all terms
of the series for the tangential loading X to be estimated.

It should be noted that, if X depends on y only (m = 0), the displace-~
ments v and v and the resultants Nx and N_ are zero everywhere on the
shell surface. Furthermore, if X = XO = const and

o
Y . nmy 4X, 1 ., nny
l—Zersm 5= T E — sin—
n n=l1, 3, 6....

then by improving the convergence of the infinite trigonometric series by
the method of Krylov, we obtain formula (3.9), as was to be expected.
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